ABSTRACT Reliability tests are always conducted to evaluate and improve the reliability of critical engineering equipment. Considering that the one hundred percent inspection is too expensive and timeconsuming, an effective sampling plan is required to assess the reliability of engineering products. Generally, a product usually has more than one quality characteristic, and sometimes it is necessary to classify both the product and the lot into multiple classes. However, in the previous research, very few scholars have considered the multi-attribute multi-category products and multi-class lot simultaneously. This paper aims to fill in this gap by proposing single and sequential sampling plans for multi-attribute products and multi-class lot. Specifically, in the case of two-attribute three-category products and three-class lot, a single sampling plan and a sequential sampling plan are presented, respectively. The extended operating characteristic functions are derived by using the finite Markov chain imbedding approach. Two designing methods are proposed and the corresponding optimization models are constructed for each sampling plan by analyzing the operating characteristic surfaces.
I. INTRODUCTION
The reliability test is an important tool to assess the reliability of critical engineering systems and components in many fields, including aeronautical engineering, military engineering and mechanical engineering. For example, before the semiconductor device factory deliver a batch of transistors to the customer, it is necessary to check whether the reliability of the transistors can meet the requirement. As the first step of reliability test, the statistical sampling is the crucial foundation of subsequence reliability statistical analysis [1] . In the process of sampling, when the purpose is to determine whether to accept or reject a lot of products, this type of inspection procedure is usually called acceptance sampling [2] . Acceptance sampling was popularized by Dodge and Romig [3] , and has become a useful technique in statistical quality control. In recent years, many relevant studies have been conducted in the research field of reliability tests [4] - [7] . There are two main categories of acceptance
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sampling plans: variables sampling plans and attributes sampling plans. Variables sampling plans are applied to products whose quality characteristics are measured on numerical scales [8] - [11] , whereas attributes sampling plans focus on products whose quality characteristics can be classified as conforming or non-conforming [12] , [13] .
A single acceptance sampling plan for attributes is the basic form of almost all other acceptance sampling plans. It is a lot-sentencing procedure where n products are selected randomly from a lot of size N and the lot quality is determined according to the information observed from this sample [2] . Specifically, for a single sampling plan (n, c), n products are selected simultaneously from a lot. If the number of defectives does not exceed a predetermined number c, the lot should be accepted. Otherwise, the lot should be rejected. Under this circumstance, the operating characteristic (OC) curve is useful to estimate its performance. The OC curve depicts the acceptance probability of a lot for a certain fraction defective, and it is usually identified to be a decreasing curve of the lot fraction defective [2] . The effectiveness of an acceptance sampling plan is twofold. First, the sample size VOLUME 7, 2019 This work is licensed under a Creative Commons Attribution 3.0 License. For more information, see http://creativecommons.org/licenses/by/3.0/ should be minimized to save cost. Second, the probability of correctly sentencing a lot should be high, which is the primary goal of quality control. To achieve these two objects, the optimization of sampling plan parameters is significant. As described above, the sample size in a single sampling plan is determined as n before sampling starts. However, in a sequential sampling plan, the sample size is not predetermined. Only one product is taken out at a time, and a decision varying from (1) accept the lot (2) reject the lot or (3) continue sampling should be made according to the sample's performance. The sampling is not terminated until an acceptance or a rejection decision is made [14] . It has been verified that the sequential sampling plan provides the optimum efficiency in sampling because its average sample number (ASN) is usually lower than that in single sampling plan [15] . Therefore, sequential sampling plans have also attracted the attention of many researchers [16] .
Generally, the traditional sampling plans only focus on the case of one attribute. However, a product lot is unlikely to have just one quality characteristic in practice. Therefore, multi-attribute sampling plans have been proposed in recent studies to meet the sampling requirement. For instance, Majumdar [17] presented a comprehensive survey of multiattribute sampling plans, and studied sampling schemes with different acceptance criteria. Subsequently, many relevant studies have been carried out [18] , [19] . By studying the waiting-time distribution, Balakrishnan et al. [20] proposed an acceptance sampling plan considering two attributes based on three different stopping rules. In this study, three states are considered for each attribute, but the lot disposition still has two results, i.e., acceptance or rejection.
Additionally, some studies also focus on three-class products, although the lot is still two-class. For example, Richardcassady and Nachlas [21] evaluated a 3-level acceptance sampling plan and addressed the corresponding problem of quality value function selection. Additionally, an attributes single sampling plan [22] and an attributes double sampling plan [23] for three-class products were proposed, and the corresponding operating characteristic functions were derived. Furthermore, two new approaches to design attributes single sampling plans were also introduced [24] . On the other hand, it is also necessary to classify the lot disposition into more than two classes. Some theoretical developments and practical applications of such sampling plans for three-class lot have been studied [25] - [27] , with the limitation that they barely consider the case of multiple attributes and sequential sampling plan.
Overall, in previous literature, very few studies have simultaneously considered the multi-attribute multi-category products and multi-class lot. To address this gap, this paper proposes the multi-attribute single and sequential sampling plans for multi-class lot. Specifically, the case of three-class lot and two-attribute products is presented to illustrate the proposed sampling plans. Both of the single and sequential sampling plans involve two product attributes, which are assumed to be independent from each other. This indicates that the defect occurrences for different types of attributes are independent [17] . For a certain product, each attribute has two inspection results, that is, conforming or non-conforming. Accordingly, a product can be classified into three categories based on the inspection results of its two attributes. Concretely, (1) the product belongs to category a if both attributes are conforming; (2) it is classified into category b if only one attribute is conforming; and (3) if neither of the attributes is conforming, the product is classified into category c. Regarding to the lot disposition, it can also be classified into three classes based on a certain classification criterion, i.e., high-quality class, medium-quality class, and low-quality class. Afterwards, a single sampling plan and a sequential sampling plan are proposed, respectively. In the single sampling plan (n, c 1 , c 2 ), n samples are selected randomly from a lot, where c 1 and c 2 are two critical levels to classify a lot. If the total number of products belonging to category b and c is less than c 1 , the lot is classified into high-quality class, whereas if this number is equal to or more than c 1 , and simultaneously the number of products belonging to category c is less than c 2 , the lot is classified into medium-quality class. Otherwise, the lot is classified into low-quality class. Additionally, a sequential sampling plan (c ac , c bct , c ct , c cc ) is put forward with a more complicated classification criterion. The details and definitions of the four parameters are explained in Section V. For both sampling plans, extended OC functions, corresponding OC surfaces, and optimal designing methods are studied. In order to derive the OC functions, finite Markov chain imbedding approach (FMCIA) is employed. FMCIA was first proposed by [28] and has significant applications in many research areas, such as start-up demonstration tests [29] , reliability analysis [30] - [32] , and acceptance sampling plans [20] .
Such multi-attribute sampling plans for multi-class lot are motivated by the reliability tests of transistors. It is known that transistor is a type of semiconductor device with many functions such as signal modulation, rectification and voltage stabilization. However, its reliability can be affected due to nonconforming material quality, improper storage, or some other unexpected issues. Before delivery, it is essential to carry out the reliability test and quality classification for a batch of transistors through a sampling inspection with the intent of protecting the rights and interests of both manufacturers and customers. The reliability of a transistor is determined by multiple factors, including its physical property and chemical characteristic. Physical defects involve cracks, fractures, and so on, whereas chemical defects contain corrosion, electric leakage, etc. Either of the defects can lead to severe consequences if defective transistors are installed in critical industrial equipment. On the other hand, it is also necessary to classify the batch of transistors into multiple classes according to different quality demands of customers. Therefore, effective and easy-operating sampling plans for such multi-attribute products and multi-class lot are required.
The rest of this paper is organized as follows. In Section II, an overview of the two sampling plans is introduced.
In Section III, assumptions are presented. In Section IV and V, the procedures and the derivation of OC functions of the single and sequential sampling plans are shown, respectively. Section VI analyzes the characteristics of OC surfaces and optimal designing methods for the proposed sampling plans. In Section VII, numerical results are presented and discussed. In Section VIII, conclusions and some future research directions are given.
II. OVERVIEW OF THE TWO SAMPLING PLANS
In this section, the procedures of the proposed sampling plans are described. In the proposed sampling plans, a product has multiple attributes which are mutually independent. For each attribute, it is assumed to involve only two inspection results, that is, conforming or non-conforming. The fraction defective of attribute i is p i (0 ≤ p i ≤ 1). Based on different inspection results of the attributes, a product can be classified into multiple categories, and the corresponding probabilities can be easily obtained because of the independency among different attributes. Moreover, different criteria can be designed according to practical situation, and then a specific sampling plan can be determined.
For a certain sampling plan, the extended OC functions, which represent the probabilities of different classes for a lot, can be easily derived by using FMCIA. By analyzing the characteristics of OC functions, different classes for a lot can be defined, and then an optimization model can be constructed to obtain the optimal parameters. Under the premise that the probability of correctly classifying a lot is high enough, the primary goal of designing is to minimize the sample size for a single sampling plan or the expected sample size for a sequential sampling plan.
Given the procedures introduced above, we take the case that the products are associated with two attributes and the disposition lot is three classes as an illustration in this paper. The details of single and sequential sampling plans are introduced in the following.
III. ASSUMPTIONS FOR BOTH SAMPLING PLANS
1) A product has two independent attributes: attribute I and attribute II. 2) For each attribute of a product, it only has two inspection results: conforming or non-conforming. 3) According to the inspection results of two attributes, a product can be classified into three categories.
• Category a: Both attribute I and attribute II are conforming.
• Category b: Only one of the two attributes (either I or II) is non-conforming.
• Category c: Both attribute I and attribute II are non-conforming.
4) The fraction defective of attribute I and attribute II are p I and p II respectively. The two attributes are independent, so the probability of a product belonging to category a, category b, and category c can be obtained as p a = P{A product belongs to category a}
p b = P{A product belongs to category b}
p c = P{A product belongs to category c}
IV. SINGLE SAMPLING PLAN FOR TWO-ATTRIBUTE PRODUCT AND THREE-CLASS LOT
Based on the assumptions presented in Section III, we first propose a single sampling plan (n, 
the lot is classified into low-quality class. In the traditional single acceptance sampling plan, the operating characteristic (OC) function represents the probability of accepting a lot when a certain lot fraction defective is given. In consideration of the specific characteristics of the proposed single sampling plan, we extend the traditional OC function into three functions, namely
. They represent the probability that a lot is classified into high-quality, medium-quality and low-quality class, respectively. Similar to the traditional OC curve, three OC surfaces can also be generated, depicting the VOLUME 7, 2019 three classification probabilities versus the fraction defective of attribute I and attribute II, i.e., p I and p II .
In order to derive the above OC functions, we apply the FMCIA and construct a Markov chain as follows.
In the first m inspected products, two random variables are defined: D bcm denotes the total number of products belonging to category b and c, and D cm represents the number of products belonging to category c. Thus, a discrete-time Markov chain {X m , m = 0, 1, . . . , n} associated with D bcm and D cm is defined as
on state space 1 :
where d bcm denotes the total number of products belonging to category b and c, and d cm represents the number of products belonging to category c. The set H consists of states representing that a lot is classified into the high-quality class. The cardinality of H is | H | = c 1 (c 1 + 1) 2. Similarly, the set M consists of states representing that a lot is classified into the medium-quality class, and the cardinality of M is
Specially, d bc = θ means that the total number of products belonging to category b and c is no more than c 1 . E L is an absorbing state, indicating that a lot is classified into the low-quality class. Obviously, the cardinality of the whole state space 1 is 1 = | H | + | M | + 1. In order to construct the one-step transition probability matrix 1 , the state transition rules in 1 are given below.
10) All other transition probabilities are zero.
According to the above transition rules, the one-step transition probability matrix 1 can be obtained when a specific sampling plan (n, c 1 , c 2 ) is given. 1 can be divided into four blocks as
Q is a square matrix which represents the one-step transition probability matrix among all transient states. R stands for the one-step transition probability matrix from transient states to absorbing state. 0 is a zero matrix indicating the one-step transition probability matrix from absorbing state to transient states, and E is an identity matrix which denotes the one-step transient matrix of absorbing state.
EXAMPLE 1: For n = 5, c 1 = 2, c 2 = 3 and p I = p II = 0.9, the three probabilities that a product belongs to category a, b, and c, can be calculated as p a = 0.01, p b = 0.18 and p c = 0.81. The state space 1 can be obtained as
The transition diagram is shown in Figure 2 . According to the transition rules shown before, the onestep transition probability matrix 1 can be obtained as the equation can be derived, as shown at the bottom of next page.
After obtaining the one-step transition probability matrix 1 , the OC functions can be derived as
where 
V. SEQUENTIAL SAMPLING PLAN FOR RWO-ATTRIBUTE PRODUCT AND THREE-CLASS LOT
Different from the single sampling plan, the sampling size is not fixed for a sequential sampling plan. One product is inspected at each time, and a stopping rule is required to terminate the sampling. In this section, a sequential sampling plan for two-attribute product and three-class lot is proposed as (c ac , c bct , c ct , c cc ) , under the condition that c bct ≥ c ct > c cc . In order to describe this sampling plan clearly, the following three events are defined firstly.
• Event I: The consecutive number of products belonging to category a reaches c ac .
• Event II: The total number of products belonging to category b and c reaches c bct .
• Event III: The total number of products belonging to category c reaches c ct , or its consecutive number reaches c cc . According to the above definitions, the stopping rules and the classification criteria of the proposed sequential sampling plan are formulated as follows.
• If Event I occurs prior to Event II and Event III, the sampling is terminated and the lot is classified into high-quality class.
• If Event II occurs prior to Event I and Event III, the sampling is terminated and the lot is classified into medium-quality class.
• If Event III occurs prior to Event I and Event II, the sampling is terminated and the lot is classified into low-quality class.
• If none of the three events occurs, the sampling continues. However, Event II and Event III can also be observed simultaneously. In this situation, the abovementioned stopping rules may fail to classify the lot quality. In order to avoid this problem, another supplementary rule is added to reduce the customer's risk as much as possible.
• If Event II and Event III appear simultaneously, but Event I has not occurred yet, the sampling is terminated and the lot is classified into low-quality class. EXAMPLE 2: Consider a sequential sampling plan (3, 4, 3, 2) . The lot is classified into high-quality class if 3 consecutive products belonging to category a are observed prior to other events. The lot is classified into medium-quality class if 4 products belonging to category b and c has been observed prior to any other events. Otherwise, if the total number of products belonging to category c reaches 3, or its consecutive number reaches 2, or these two events occur simultaneously, the lot is classified into low-quality class. Some possible sequences of the inspection results and the corresponding lot dispositions are shown below to illustrate this sampling plan. Table 1 illustrates several possible sequences of the inspection results and the corresponding lot dispositions. 
on the state space 2 :
, where d acm denotes the consecutive number of products belonging to category a, d bctm represents the total number of products in category b and c, d ctm and d ccm indicates the total number and the consecutive number of products under category c, respectively. E H , E M and E L are three absorbing states, representing that a lot is classified into high-quality, medium-quality and low-quality class, respectively. | 2 | denotes the cardinality of the state space 2 .
In order to construct the one-step transition probability matrix 2 , the state transition rules in 2 are shown as follows. 
11) All other transition probabilities are zero.
Particularly, 2 can be divided into four blocks as
Q is a square matrix which represents the one-step transition probability matrix among all transient states. R represents the one-step transition probability matrix from transient states to absorbing states. 0 is a zero matrix representing the one-step transition probability matrix from absorbing states to transient states, and E is an identity matrix which denotes the one-step transition probability matrix among the absorbing states. 
The transition probabilities of different states are presented in Figure 3 . According to the transition rules, the one-step transition probability matrix 2 can be obtained as shown at the bottom of next page.
According to the above analyses based on the FMCIA, the distribution function, the probability mass function and the expected sample size n can be derived. Concretely, the distribution function and the probability mass function of the sample size n are
and the expected sample size n is
where π 0 = (1, 0, . . . , 0) 1×(| |−3) , M = (I − Q) −1 , and e T k is a column vector of ones with length k. I − Q is nonsingular.
Additionally, the three OC functions can be derived as
where
0, 0, 1) T , and I − Q is nonsingular.
VI. CHARACTERISTICS OF OC SURFACES AND OPTIMAL DESIGNING METHODS

A. CHARACTERISTICS OF OC SURFACES
According to the OC functions, three OC surfaces and three sets of contour lines for each sampling plan are shown in Figure 4 and Figure 5 , respectively. It can be observed that these two sampling plans have the analogous characteristics, which are described in detail in the following.
As shown in Figure 4 and Figure 5, 
B. OPTIMAL DESIGNING METHODS
An important issue of the proposed sampling plans is to select an appropriate set of parameters: (n, c 1 , c 2 ) or  (c ac , c bct , c ct , c cc ) . The primary goal of the designing is to ensure that the probability of correctly classifying a lot into the corresponding class is high enough. Therefore, the definition of high, medium, and low quality is supposed to be given first. On the plane p I − p II , let zone H, zone M, 
and zone L represent the zones in which a lot should be classified into high-quality, medium-quality, and low-quality class, respectively. The three zones are divided according to the characteristics of OC surfaces. Different definitions will lead to different results of the designing. Here, we elaborate two specific designing methods.
1) OPTIMAL DESIGNING METHOD 1
In this optimal designing method, the divisions of zone H, zone M, and zone L are shown in Figure 6 . The mathematical expressions of the three zones are presented as follows.
• Zone H: 
FIGURE 6. Divisions of zone H, zone M, and zone L for optimal designing method 1.
According to the characteristics of the OC surfaces, the values of L H (p I , p II ) decrease monotonously with the increasing of both p I and p II . Therefore, it is intuitively that For the single sampling plan, it is usually designed with the goal of minimizing the sampling size. Hence, an optimization model is constructed as min n s.t.
where α 1 , α 2 , α 3 and α 4 are small numbers and reflect the acceptance levels of misjudging a lot. For the sequential sampling plan, the design is usually aimed at minimizing the expectation of sampling size. Therefore, an optimization model is constructed as
where β 1 , β 2 , β 3 and β 4 are small numbers and reflect the acceptance levels of misjudging a lot. Note that the expectation of sampling size is different when different values of p I and p II are given. In our study, E(N ) in the optimization model is selected as the average value of the four arrays in p I and p II .
2) OPTIMAL DESIGNING METHOD 2
In this optimal designing method, the divisions of zone H, zone M, and zone L are shown in Figure 7 . The mathematical expressions of the three zones are shown as follows.
• Zone H:
The divisions of zone H and zone L are exactly the same as that in designing method 1, and the only difference is the division of zone M. According to Figure 4 
where γ 1 , γ 2 , γ 3 and γ 4 are small numbers and reflect the acceptance levels of misjudging a lot. For the sequential sampling plan, in order to minimize the expectation of sampling size, an optimization model is constructed as
where δ 1 , δ 2 , δ 3 and δ 4 are small numbers and reflect the acceptance levels of misjudging a lot.
VII. NUMERICAL EXAMPLES
In this section, some numerical results are presented to reveal the effectiveness of proposed sampling plans. Consider a semiconductor device factory which needs to deliver a batch of transistors to customers. After they determined the divisions of three zones and the corresponding acceptance levels of misjudging a lot, an optimal sampling plan can be obtained based on the two proposed sampling plans and two optimal designing methods. Table 2 -5 show the optimal results for optimization models (13)- (16), respectively. Table 2 shows the optimal results for the proposed single sampling plan with optimal designing method 1, given 
8, the optimal sampling plan that satisfies the constrict conditions is (9, 4, 5). With such a sampling plan, the required sampling size is the least (n = 9). When p I ≤ p H I and p II ≤ p H II , the probability that a lot is classified into high-quality category is at least L H p H I , p H II = 0.9270, which is higher than 1 − α 1 = 0.8. Similarly, it also can be observed that
8. Based on the above discussion, this designed single sampling plan can meet all the constrict conditions. According to Table 2 , the optimal sampling size is identified to get larger when extending the ranges of zone H, zone M, and zone L. Specifically, when p L I and p L II get lower, the optimal sample size n increases. Similarly, the optimal sample size nincreases with the increase of p M 2 or the decrease of p M 1 . Besides, when p H I and p H II increase, the optimal sample size n gets larger. Table 3 shows the optimal results for the proposed sequential sampling plan with optimal designing method 1, given β 1 = β 4 = 0.2 and β 2 = β 3 = 0. 25 change with the same amounts, the optimal sampling plans are identified to be the same. Table 5 presents the optimal results for the proposed sequential sampling plan with optimal designing method 2, given δ 1 = δ 2 = δ 3 = δ 4 = 0. 
VIII. CONCLUSIONS
In this paper, we propose both single and sequential sampling plans for multi-attribute product and multi-class lot. This has significant practical implications since products usually have more than one quality characteristics and the lot disposition can be classified into multiple levels in practice. Specifically, the case of two-attribute products for three-class lot is taken as an illustration. The procedures of the proposed sampling plans are presented according to different classification criteria. The FMCIA is employed to obtain extended OC functions. The OC surfaces of two proposed sampling plans are identified to have similar characteristics, based on which two different optimal designing methods are proposed. Subsequently, the corresponding optimization models are constructed for each sampling plan. Finally, numerical illustrations demonstrate that the proposed sampling plans and the relevant designing methods are effective. Several promising avenues of research can extend these findings and provide further insights for quality control. In this study, the two attributes are assumed to be independent. However, the internal dependency between these two attributes can be considered in the further study. Moreover, the inspection results of each attribute can also be extended into more than two inspection results in other cases. LEPING SUN received the master's degree in biochemistry and molecular biology from the Beijing Institute of Technology, in 2008, where he is currently pursuing the Ph.D. degree majoring in management science and engineering. His research interests include system reliability and quality management. VOLUME 7, 2019 
